AN OPTIMIZATION PERSPECTIVE ON SAMPLING
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ABSTRACT. These are the notes for a series of lectures given by Philippe Rigollet at Sorbonne
Université between May 31 and June 9, 2022. Information on the lectures is available at https:
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Q@ Sampling is a fundamental question in statistics and machine learning, most notably in Bayesian
methods. Sampling and optimization present many similarities, some obvious, others more mysterious.
In particular, the seminal work of Jordan, Kinderlehrer and Otto [JKO98] has unveiled a beautiful
connection between the Brownian motion and the heat equation on the one hand, and optimal transport
on the other. They showed that certain stochastic processes may be viewed as gradient descent over
the Wasserstein space of probability distributions. This connection opens the perspective of a novel
approach to sampling that leverages the rich toolbox of optimization to derive and analyze sampling
algorithms. The goal of this course is to bring together the many ingredients that make this perspective

possible starting from the basics and building to some of the most recent advances in sampling.

TNotes taken by Théo Dumont. Revised July 26, 2022.
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Motivation. Q The course is largely motivated by a common goal: compute summary statistics from
posterior distributions. We primarily use the Langevin diffusion as a viable strategy to sample from a
posterior, and ultimately compute such summary statistics. Indeed, it does not require knowledge of
the normalizing constant of the target distribution.

Bayesian statistics. In the field of Bayesian statistics, we have a posterior

£(x,0)p(0

p(0|2) = D)

J U, 0)p(6)do
from which we want to sample; but very often, the normalizing constant Z = [{(x,0)p(6)d8 is
unknown. One particular case is when we want to sample from the posterior

efv(m)

T e vwady ~
where V' is known. In order to remove the normalizing constant, an idea is to write that logn(z) =
—V(z) —log Z, and therefore that V,log w(z) = —V,V(z), which we know. Now, we want to sample

from 7 using only its gradient/Hessian.
Langevin diffusion. The Langevin diffusion equation reads

dX; = -VV(X;) + V2dB;,

—V(z)

7(x) e )

and we know that Law(X;) 2%, &, This comes handy in a lot of applications, such as numerical

integration, statistical physics — where our posterior is m(z) e~V (@) where V is the free energy —, or
uncertainty quantification.

1. OPTIMIZATION

©Q We cover a quick introduction to optimization of strongly convex functions using gradient flows.
Then we relax strong convexity to a Polyak-Lojasiewicz condition. We also discuss that in continuous
time, which is the focus of this course, smoothness does not appear like it does for gradient descent.
Optimization focuses on problems on the form
min £(z),
x

and while for long these problems were separated between linear and non-linear, it is now commonly
acknowledged that the good classification is convex and non-convex — the latter being arbitrarily
difficult. We will focus here on convex optimization problems, i.e. when the function f is convex. We
consider first order optimization methods, i.e. that only involve the gradient of the function f, and in
particular gradient descent and gradient flow:

X1 =X — iV f(Xy) (gradient descent)
XX, =X, = —Vf(Xy). (gradient flow)
1.1. Strongly convex functions.

Definition 1.1 (Strong convexity). f is said to be a-strongly convex (SC) if it satisfies the following
iequality:

!
for allz andy,  f(x) = f(y) 2 (VF(), = =) + 5y - all*. (SC)
Given that f is strongly-convex, one has:
d . .
a”%z — el = 2(ze — yi, 4 — 4ir)

= —=2(xt — Y, VI(xe) = V()
“2alle -y by (5€)

IN

Gronwall’s lemma then gives that ||z, —y; > < e=2%||zo—yo||?. In particular, if yo = 2* = arg min f(x),
then 4, = —V f(2*) = 0, hence ||z, — 2*||* < e2%||zg — 2*||%.
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Proposition 1.2 (Gronwall’s lemma, elementary version). Let ¢ : [0,T] — R be a nonnegative
differentiable function for which there exists a constant C such that

O'(t) < Cp(t)  forallt e |0,T].

Then
o(t) < eClp(0)  for all t € [0,T).

1.2. Polyak-Lojasiewicz. One could also try to bound the gap between f(x;) and f(z*). In order
to do that, we will only need f to satisfy the Polyak-Lojasiewicz inequality, and not necessarily (SC):

Definition 1.3 (Polyak-Lojasiewicz inequality). f is said to satisfy the Polyak-Lojasiewicz (PL) in-
equality if there exists a constant Cpy, such that

forallz, f(x) — f(a*) < Cpr|Vf(2)|> (PL)
Now, given that f satisfies the (PL) inequality, we can proceed:

d oy :
1 G0) = F@)] = (Y (w0), )
= V()P
< 1) - f@L by (PL)
PL

Gronwall’s lemma then gives that

flwe) = f@*) < e P f (o) — f(a™)).
Proposition 1.4. (SC) implies (PL).
Proof. Let f be a a-strongly convex function. Then:

* * a *
F@) = fl@) 2 =(Vf(@), 2 —a*) + Sllz - 2*|”
> —% §IVf()|* + %Hw —a*|?| + %Hx —2*||?  for all § by Young’s inequality

1 2 . 1
= —%Ilvf(w)ll ) by taking § = >

which shows that f satisfies (PL) with constant Cpp, = %, giving the same constant in the exponential
as before (—2at). O

Proposition 1.5 (Young’s inequality). For & > 0, developing ||av/d + b/\/3||? gives
2 L .0
2(a,b) < dllaf]” = [IblI"-

For more information on the (PL) inequality as well as its link with strong convexity and other linear
convergence rate conditions, see [KNS16].

1.3. Smoothness. The notion of smoothness is linked to inequalities of the form

f@) = Fy) < (V). y— ) + M

Given that f is smooth, let us now try to bound the gap between f(x:41) and f(z*) for the gradient
descent x¢11 = xy — NV f(24):

f(wepr) — f(2%) = floe =V f(xe)) — f(2¥)
< 7w ~ (V5 G), nV () + SInV @)l ~ fo*) (smoothmess)

~ 1w =16+ (O —a) 19 st

—_———
if <0 then (PL)
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< <1 — 203%5) [f(ze) — f(29)] with the optimal n = 1/.
Hence
o)~ 5a) < (1 g5 ) flao) ~ ')
< e 8 f(z0) - f(a)] w (1) <o

2. SAMPLING

We recall the Langevin diffusion equation:
dX; = —VV(X,)dt + V2dB,.

The questions we are interested in:

e do we have Law(X}) ST e V?
— 00

e what is the rate of convergence?

2.1. Markov semigroups. © Markov semigroups are a canonical tool to study the convergence of
Markov processes. We introduce the main notions: semigroup, infinitesimal generator, Kolmogorov’s
backward equation and Kolmogorov’s forward equation (called Fokker—Planck in this course), and
studied the stationary distribution from Fokker—Planck. All notions are computed for Langevin as a
concrete example.

The idea: to a Markov process (X;):>o, associate a family (P;);>o of operators acting on functions.

We refer to [BGL+-14; Vanl6] for details.

2.1.1. Markov semigroups and generators.

Definition 2.1 (Markov semigroup). The Markov semigroup (P;);>0 associated to a Markov process
(X1)i>0 is defined by
P f(z) = E[f(X:) | Xo = a].

Lemma 2.2. We have the following properties:
[ ] P() = ld
o Py =P,P, = PP,
Proof.
Py f(2) = E[f (Xits) | Xo = 2]
= E[Elf(Xo10) | {X }rai] | Xo = 2]
Psf(Xt)
= P,P,f(z). 0

Definition 2.3 (Infinitesimal generator). The infinitesimal generator £ associated to a Markov semi-
group (Py)¢>o0 is the operator defined by

P, _

Example 2.4 (Langevin). By ~ N (0g,t14)
¢
X = Xo + / ~VV(z,)ds + V2B,
0

=Xo—tVV(Xo) +V2 By +o(t).
~—
order vVt
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Hence

E[f(X0) | Xo = 2] = E[f(Xo) = (VV(Xo), tVf(Xo) + V2B,)

= f(z) = t(VV(z), Vf(2)) + E [(By, V2f(2)B)] + o(t),
and as (By, V2f(2)B;) = Te(V2f(2)BB, ) = t Te(V2f () = tAf(x), we get that
Pif(x) = f(x) = t(VV(x), Vf(z)) +tAf(x) + oft),

and finally
Lf(x) = =(VV(z), Vf(z)) + Af(x).

2.1.2. Dynamics. Q What about 0, P, f?

Proposition 2.5 (Kolmogorov Backward Equation). The Kolmogorov Backward Equation (KBE) is
0P f =LPf=PRLSf.

Proof.
Pt+hfh— Ptf _ th: id Ptf _ Pt Ph —id f 0
t— o0 £ t— o0 £

And its dual version:

Proposition 2.6 (Fokker—Planck). The Kolmogorov Forward FEquation, or Fokker—Planck equation,
is for mo the density of Xo, 0. Pfmo = L*Pjmo = P} L*m.

Proof. One has
Ef(X;) = E|E[f(X) | Xo]

Py f(Xo)
~ [ Pt@mo(a)do
= (P:f, T0)1>(dz)
= <f7 Pt*TrO>
= [ f(z)P/mo(x)da.
Hence the density of X is P/my. Then, one has
at/fPt*ﬂo = at/Ptfﬂo (duality)

- / P,Lfmo (KBE)

— / LfP;m (duality)

= / fL*Prmg. (duality) O

To sum up:
w =Pf 5 Ouy = Luy (backward)
= Pfmg 3 Om = L*m  (Fokker—Planck)

Proposition 2.7 (Stationarity). The following statements are equivalent:
(i) 7 is a stationary distribution for (Xi)i>o;
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(i1) L*m =0;
(iii) Ex[Lf] =0 for all f.

Example 2.8 (Langevin).

(f, Lg) = /f [—(VV, Vg) + Ag] (infinitesimal generator for Langevin)
=— /(fVV, Vyg) + / fdiv(Vyg) since Ag = div(Vyg)
= /div(fVV)g — /(Vf, Vg) (integration by parts)
= /div(fVV)g + /(Af)g (integration by parts)
= (L"f, 9).
Hence £*f = div(fVV) 4+ Af for Langevin, and the Fokker—Planck equation for Langevin is
atﬂ't = le(ﬂ'tVV) + Aﬂ't. (21)

(Remark that when VV = 0, we recover the heat equation / a Brownian motion.) With this, we can
determine the stationary distributions for (X;);>o in the Langevin case:

0=L"n
=div(7VV) + Ar
=div(7VV + V)
= div(m(VV + Vlogn)),
Theme o
which means that
—VV =Vlogn
logm = —V + cst

Toxe V.

2.2. Functional inequalities and rates of convergence.

2.2.1. Poincaré inequalities. Q Focusing on reversible Markov processes, we define the Dirichlet form
and the Dirichlet energy and show that reversible Markov processes can be seen as a gradient flows
of the Dirichlet energy. Then we discuss Poincaré and log-Sobolev inequalities and how they lead to
exponential convergence to stationarity in chi-squared and KL respectively. We show that log-Sobolev
implies Poincaré and briefly discussed connections to concentration and pointing to van Handel’s notes
for more details.

Definition 2.9 (Reversible Markov process). The Markov semigroup (P;);>0 is reversible w.r.t. m (a
stationary distribution) if

Vg € I3(m), / Pyfgdr = / fPygdr,
or equivalently
Vi€ L2(n), / Lfgdr = / fLgdn,

which means that L is self-adjoint in the sense of L?(r).

Example 2.10. Xg~7, f =14, 9= 1p. Then P(Xy € A, X; € B) =P(Xy € B, X; € A).
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Remark 2.11. P, and £ are symmetric operators and they therefore have a real spectrum. Moreover,
P, is a positive operator as

/ JP.f dr = / FPyaPyysf dr
= /(fpt/Q)qur > 0.

Since

(Pif(2)* =E[f(X.) | Xo = a]®
<E [ fA(Xy) | Xo = x] by Jensen’s inequality,

/Ptf(x)gdﬂg/Pth(x)dw:/fQ(a:)dﬂ

As P, = e** and P, contracts, one has that £ < 0.

one has that

Definition 2.12 (Dirichlet form). Given a reversible Markov process / Markov semigroup with gen-
erator L and stationary measure w, the corresponding Dirichlet form is defined as

g(fag) = 7<f7 £g>L2(7r) = 7<£f, g>L2(ﬂ')'
Example 2.13 (Langevin). Since Lf = —(VV, Vf) + Af, we have that

/fﬁgdﬂ

= /f(VV7 Vg)dm — /ng dm (not allowed to do an IBP in L?(7))
= [roven v - [mag
= /(fVV -m, Vg) + /<V(f7T), Vg) (integration by parts)

:/<f7rVV+f Sn +Vin, Vg)
=—nVV

= /(Vf, Vg)dr

Markov process as a gradient flow of the Dirichlet energy. V2 E(f) is the element of L?(r) such
that for all curve t — u; € L?(7) starting at ug = f,

at‘ 5(ut)=/u'0v5(f) dr.

t=0

3,5 g(ut) = 8t 0 — /utﬁut dr = —2/1140,61-1,0 d’]T,
t=

hence VE(f) = —2Lf, and the gradient flow of the Dirichlet energy becomes u; = —VE(uy) = 2Luy.
We recover the KBE (with a factor 2, which still draws the same curve but with twice the speed).

It appears that £(u;) — £(u*) is not a relevant quantity to examine. We are looking for a d such that
it is relevant to study d(m, ) < e, We therefore define the x2-divergence:

We then have that

Definition 2.14 (f-divergence). f-divergences are functions of the form

(u,v) »—>/<p <35) dv

where @ is convexr such that o(1) = 0.
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Definition 2.15 (y2-divergence). The x2-divergence between p and v is defined as

x2<u|u>/(jﬁ)2du1.

It is a f-divergence, obtained for p(x) = 2% — 1.

Remark 2.16 (Link between x? and KL). The KL divergence is also a f-divergence, obtained for
() = xlogx. One has that

d,LL (Jensen) Iu2 5 5
KL(ullv) = [tog (92) dp < tog [ 1 dv=log(P(ull) + 1) < Plullv) (22)
Actually, one has that

KL ~ log x?> when the distributions are far;
KL ~ x? when the distributions are close.

Now, let us upper bound 8;x?(m; || 7). In order to do so, we introduce p; := 7/, for which we derive
the new Fokker—Planck equation:

3t7rt = ,C*ﬂ't

/f@tm:/fﬁ*m:/ﬁfm.

Dividing and multiplying by 7 to make p; appear gives

[ tim= [ ctom = [ spm

where (%) comes from the fact that £ is self-adjoint w.r.t m. The Fokker—Planck equation for p; is
therefore g; = Lp;, and we have:

atXQ(m | 7) =0 /(p,g)2 dr = 2/ptp't dr = 2/ptﬁpt drr = —=2&(py).

Q If we could get something like £(p;) > ex?(m || 7), then we would be able to apply Grénwall’s
lemma and we would be good.

Definition 2.17 (Poincaré inequality). A Markov process (X;)i>0 is said to satisfy the Poincaré
inequality if
for all f,  Var(f) < Cp&E(f). (Poincaré)

Example 2.18. For py,
2 e\ 2
Varﬂ(pt):/ptzdﬂ— (/ptdﬂ') :/(d’]:) dr — 1 = x*(m¢ || 7).

2
x> (me || ) < ~Cn X (me || ),
P

Therefore,

and then
2 2 -&t
X (e[| ) < X (mo || m)e ©r

Remark 2.19. For Langevin, the Poincaré inequality is

for all f, Varg(f) < CP/HVf||2d7Ta

and this property will often be simply denoted as “m satisfies the Poincaré inequality”, omitting that

it is the Poincaré inequality for the Langevin process. If m o< eV and is strongly log-concave (V is

a-strongly convex), then 7 satisfies the Poincaré inequality with parameter Cp = -

x’
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Definition 2.20 (Brascamp-Lieb inequality). For m o< e~V where V strictly convez, i.e. (V2V)~!
exists, we say that f satisfies a Brascamp-Lieb inequality if

Var,(f) < C/VfT(VQV)*Vfdw.
More generally, the Mirror Poincaré inequality s
Var, () <€ [ V4T (V20) Vs dr.
A natural question that arises is to ask for which Markov process do we have £(f) = [ VT (V2p) IV fdnr,
with ¢ arbitrary?
Definition 2.21 (Mirror Langevin). The Mirror Langevin process is defined by

Xy =V (1)
dY; = —Ve(X,)dt +V2[V3p(X;)]Y/2dB;.

When ¢ =V, we get the Newton-Langevin process [Che+20)].

2.2.2. Log-Sobolev inequalities. Q The idea: getting the same convergence properties but with KL
instead of y2.

Oy KL(m¢ || ) = 3t/10g(,0t)pt7r

:/&PtW‘F/lOg(Pt)ptW

Pt

= /ﬁpm+/log(pt)ﬁpt7r
—

=0
= *8([)“ log pt)a
so we are looking for an inequality that looks like KL(m; || ) < CE(py, log pt).

Definition 2.22 (Log-Sobolev inequality). A Markov process is said to satisfy a logarithmic Sobolev
inequality (LSI) if for all p densities w.r.t. ™ (and not only pt),

KL(pr | 7) < T2 p,log ). (LSI)

With this, using Grénwall’s lemma we obtain KL(m || 7) < <42€(p,log p), which is better than the
same inequality with x? because of the cold start (m far from 7).
Let us recap. We have shown so far:

(Poincaré) <= x2(m || 7) < x2(mo || W)efc%
(LSI) = KL(m || 7) < KL(m || 7)e” %rs,
and the <= is the important thing [Vanl16].

Example 2.23 (Langevin).

E(p,logp) = / (Vp, Vlog p) dr
=/<V10gp, Vliogp) pr
~—~
=pu
w2
:/HVlong du, (F1)
™

which is the Fisher information of pu w.r.t. 7w (but not the same Fisher information that the one in
statistics!).
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The logarithmic-Sobolev inequality can actually be re-written as
1
KL < —FI .
(nlv) < 5p Pk [¥)
Other relevant inequalities are Talagrand’s inequality

2KL(y | )

Wo(p,v) <
2(#) 0

and the HWI inequality

KL | 7)< Wl ) FTGET ) — - Wl )

See [OV00] for more information.
Proposition 2.24. (LSI) = (Poincaré).
Proof. p=1+c¢f with [ fdr =0.

2
KL(pm || m) = /log(l—i—ap)pw: %/deﬂ'-i-O(EQ)

E(plogp) =~ [+ =/ Llog(1 +ef)dn

=¢? / fLf dm +o(?).
| —
=£(f)
Then, LSI implies that 3 [ f2dr < DSE(f) + o(1), i.e. [ f2dm < Crs€(f), which is the Poincaré
inequality with constant Cp = Cg. O

This means we can have concentration inequalities for the stationary process:

Theorem 2.25 (Concentration inequalities, [BGL+-14]). Let m be the stationary distribution of the
Langevin distribution and let f : R — R? be 1-Lipschitz. Then
(i) if ™ satisfies a (Poincaré) inequality with constant Cp, then

m(f—E-f>t) < 3¢ t/VCr,
(i) if ™ satisfies a (LSI) with constant Crg, then
m(f —E.f>1t) < Se_tQ/QCLS,
which is great for tensorization.
3. OpTIMAL TRANSPORT (OT)
For references, see [Vil03; Vil09; Sanl5; AG13].

3.1. The OT problem. ' The Monge problem is
min /c(axT(w)) dp(z), (Monge)
T#M:l/

and often we will be using c(z, T(z)) == d?(x,T(x)) = |Jx — T(x)||>. But in the general case, the
optimal T" will not be a map, but more generally a coupling. For instance, in the case where p is one
dirac and v two diracs (Figure 1), we would like the optimal T to be

() y1 with probability 1/2,
€Tr) =
y2 with probability 1/2,

14 1 did not take notes for this part of the course. If you did, it would be great if you could send them to me by
email at theo.dumont@univ-eiffel.fr!
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which is not a function but rather a Markov kernel.

FiGUrE 1. Optimal transport between one dirac and two diracs.

Example 3.1 (Couplings).

e 7(A x B) = ~v(A)y(B), the independent coupling

e for X ~ N(0,1) and Y ~ N(0,1), define X,Y ~ v < (X,Y) ~ N((g) , (; 'i)), the
Gaussian coupling

e for X ~ N(0,1) and Y ~ Law(X?), define X,Y ~ v <= Y = X? as.. This can be written
v(dz, dy) = p(dz)dy—y2, or (X,Y) ~ (id, z — 22)4p.

Theorem 3.2 (Existence of a minimizer). The minimum is achieved (by a 7).
Proof. Use the l.s.c. and the fact that T, ,, is compact (Prokhorov’s theorem). O

Distances between probability measures. Quantifying the distance between two probability measures
can be done using e.g. the Total Variation (TV) distance TV = 1 ['[p — ¢|, the L distance LP =
lp — qllze, the x?, KL, the Hellinger distance... But all do not behave the same way: for instance,
TV(dz,0y) = lzzy, which is not nice in our context. We would rather prefer something like the
Wasserstein distance, namely Wy (8, 6,) = ||z — y||-

3.2. Fundamental theorem of OT. We focus in the rest of the lecture on the case where ¢(z,y) =
||z — y||%. Duality.

Wi = it sw [ [+ [rau- [@aean+ [oa- [a i)

YEM L f.geLY

> sup inf /fdu+/gdu+/(x_2y|2—f(m)—g(y)> dy(z,y)

fgeLt 1EM+

L have to be >0
= sup /fd,u—l— /gdu, (DP)
f,.9€D(p,v)

where we denoted
2
D)= { .9) € 200 % 109 s £@) + 9(0) < 52 fora (e}

This inequality is already quite nice, since it allows one to give a bound on f f+ f g by upper bounding

Wg, which is easy to do (one just has to exhibit a non-optimal 7). But one can actually do much
better:

Theorem 3.3 (Fundamental theorem of OT). For u,v € Pa(R?) such that [ ||z||* du(z) < +oo (same
forv), one has

(i) (strong duality) 1 W3(u,v) = supf,gffd,uj— Jgdv. B
(i) (existence of dual potentials) There exists f,g mazimizing (DP). Moreover, we can write [ =

% —pandg= % — ©* with ¢ proper l.s.c. and o(z) + ¢*(y) = (z, y) F-a.s.
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(iii) (Brenier’s theorem) If, in addition, p has a density w.r.t. the Lebesque measure, then 7 is unique
and induced by a deterministic transport map T : R? — R?, characterized by the (u-a.s.) unique
gradient of a proper l.s.c. convex function: (V)up = v.

Remark 3.4. ¢*(y) = sup,{(z, y) —p(z)}, therefore p(z)+ ¢*(y) > (z, y), and the previous theorem
is actually the equality case, given by the first order condition y = V(z).

Proof of Theorem 3.5. The proof will require the introduction of the notion of cyclical monotonicity.
(1) Cyclical monotonicity. For g : R — R convex, one has
9(x) —g(y) < (z —y)g'(x)
+ 9y) —g(x) < (y —2)g'(y)
(¢'(x) —g'(y))(= —y) 20,
which is just a writing of the fact that ¢’ is increasing. Similarly, in R%, a monotone g will satisfy
(Vg(z) — Vg(y), = —y) > 0, but this will not be enough in our case. For a family of points
(i)1<i<n, summing the inequalities
+i 9(x:) — g(wiv1) < (T — Tig1, Vg(xi))
Z?:1<Vg(1‘i), Ty — IL’Z‘+1> Z 0 with Tptl = T1.

Definition 3.5 (Cyclical monotonicity). A set A € RYxR? is cyclically monotone (CM) if Vk > 2
and any (xluyl)v LR (:Eka yk)7
k

Z@Uz — X1, ¥i) = 0, with xpqy = 1.
i=1

We have shown that the set {(x, Vg(z))} is CM for g convex. The reverse implication will be
of particular use for us:

Theorem 3.6 ([Roc70]). A is cyclically monotone if and only if there exists a closed (proper l.s.c.)
convex ¢ such that A C {(x,0p(x))}.

(2) OT plans have CM support. We have the following equivalences:

(zla yl)a L) (xn’yn) € suppy — Z ||$1 - y1||2 < Z ||xa(i) — y1||2 for all o
i=1 i=1
n n
=D (T i) < Y (w0, yi) for all o
i=1 i=1
— Z(UCZ — Ty, Yi) >0 for all o
=1

= cyclical monotonicity.

Hence supp7y C d¢ = {V¢} by Theorem 3.6, this last equality being Lebesgue a.e., since u has a
density.

(3) Dual optimality. We say that (f,g) € D(u,v) are dual feasible. Let us now fix f. For all g s.t.
(f, g) dual feasible,

|z — yl?
2

2
o) < 20y for all (z,)

f(z)+g(y) < for all (z,y)

Let us then take

2
g(y) = igfw — f(x)

= % —st;p <<x, y) — (”22 f(ﬂﬂ)))
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_
2

—sup ((z, y) — ¢(z))
x
we then have ¢*(y) = ”92”2 —g(y). So, for fixed f = w —p,g= w — *. Similarly, for fixed

S PR [
g="5"—¢" f

— ¢**. If (f,g) do exist, then they must satisfy

{f: 1
2 '

|2
2

since ¢ = @**.

(4) Poof of strong duality. Let 7 be an optimal transport plan. We have supp7y C {(z,9p(x))}.

Let’s define f = || - [|?/2 — ¢ and g = || - ||?/2 — ¢*. Are they dual feasible?
T — xz 2 y 2 *
Flo) + 30 = 5+ D o) 4 1)
2 2
= @ + @ —(z,y) on supp¥y as y € Jp(x)
_ llz—yl? -
= 5 on supp?y.

Then 3 [ |lz — y||* d¥(z,y) = [ fdp+ [ gdv, hence the strong duality.

(5) Uniqueness for Brenier. Let us assume another OT plan 7 = (id, Vipr ), associated with the

dual potentials f, = || - |?/2 — ¢r and g, = || - ||?/2 — ¢. Then:
[tenle)+ o)1) = [ondut [era
= /cpdﬂ + /(p* dv as both couples are dual optimal

~ [ (e p @),

hence [(¢x(2) + ¢x(y) — (z, y)) d¥(z,y) = 0, then ¢ (z) + ¢} (y) = (z, y) F-a.s., which means
that y = Vo (z) F-a.s., and finally V(z) = Vo (z) p-as.. O

Remark 3.7. ¢ and ¢* are called Kantorovitch potentials, and are different from the dual potentials.

Remark 3.8. Vo* = (V)71 if Vo =T),_,,, then Vo* =T,_,,.

From now on, all measures have a density, i.e. are in Ps ,¢ (R%).

3.3. Curves in the Wasserstein space.

3.3.1. The Wasserstein space as a metric space.

Proposition 3.9. (P(R%), Wy) is a complete separable metric space.

Proof. We check the axioms:

W2 (/’[/7 V) >0

Wa(u, ) = cost(id) =0

Wa(p,v) = Wa(v, 1)

triangular inequality: we will need the gluing lemma:

Lemma 3.10 (Gluing lemma). Let X,Y,Z be three Polish spaces and let vxz € P(X X Z),yyz €
PY x Z) be such that Wifyxz = Wifyyz. Then there exists a measure v € P(X xY x Z) such that

)

X.Z _
Ty VXYZ =7X2,

Y.z -
Ty VXYZ =VYZ-
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Back to the triangle inequality:
1/2
Wa(u,v) < </ lz — | dyxyz(z, vy, z)) by sub-optimality of vxy z

1/2 1/2
< (/ lz — 2||* dyx z(z, z)) + (/ 2 — yl|* dyy 2 (, z)> by triangular inequality in L2

= Wa(u, p) + Wa(p,v). O

In fact, (P2(R9), W3) is a length space! We can use Alexandrov geometry to measure some bounds
on the curvature of the space (it is non-negatively curved, and flat in the subspace of the Gaussians

as well of the diracs).

FIGURE 2. Alexandrov geometry.

3.3.2. The continuity equation. Let’s make a fluid dynamics analogy, where p; is the density of the
fluid at time t. There are two perspectives:

e the Lagrangian perspective: modelling the movement of each particule X, = v, (Xy)

e the Eulerian perspective: modelling the behaviour of the whole density, iy = 7

The differential equation satisfied by p; will be called the continuity equation.

Theorem 3.11 (Continuity Equation). Let (v;);>0 : R? — R? be a time dependent vetor field and
suppose that particles evolve according to the ODE Xy = vy (Xy),t > 0. Then X; ~ py where g evolves
according to the continuity equation (CE)

8,5/1,5 + div(,utvt) =0. (CE)

Proof. Let f be a test function.

/ fups = DELF(X,)
=E[(Vf(Xy), X})]
=E[(Vf(X¢), v:(X))]

_ / (Vf(@), pe()ve(w)) da
__ / f(z) div (e (z)ve () de. (integration by parts) O

In fact, every “nice” curve of probability measures can be interpreted as a fluid flow along a time-
varying vector field. And by nice, we mean:

Definition 3.12 (a.c. curve). A curve t — p; in P qac(R?) is said to be absolutely continuous (a.c.)
if at every time the metric derivative is finite, i.e. if
W2 (Msa ,U/t)

for allt, |p|(t) = ll_}H% ot < 0.
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This vector field will not be unique: if we take w; such that div(u;w;) = 0, then we still have
Oy = — div(pg(ve)) = — div(pe(ve +w;)). For instance, on the open ball B,.(R?) with r > 0, equipped
with the uniform density, any vector field v; that consists in a rotation around (0,0) satisfies the
continuity equation, but one would prefer to choose the null vector field (Figure 3). Then, how to
select v; in a canonical way? We will either try to minimize the energy [ [lv¢[|7. (u) 4t or force vy to
be the gradient of a function v¥; — these two conditions being actually equivalent.

B, (R?)

F1GURE 3. Non-uniqueness of the representing vector field: any rotating vector field
satisfies (CE).

Theorem 3.13 (Curves of measures as fluid flows). Let t — u; be an a.c. curve of measures. Then
(i) For any vector field (0;)i>0 s.t. (CE) holds, we have

al() < 10ellz2qu,)  for all t”. (3.1)
(i1) Conversely, there exists a unique choice of vector field (vi)i>0 that satisfies (CE) s.t.
[oell L2y < 1(E)] - “for all t”.

. Ty — —id L.
Moreover, v; = Vb for ¢y : R* = R and v; = lims_,o0 ——*— (T, 5,5 — id is also called
the displacement map ).

Proof. (i) X; = 9:(X;). We define a flow map Fi; that maps X, to X; by any (F +14)#t = frs,
or equivalently by Xy ~ py = F}445(Xy) ~ py4s. By sub-optimality, we have

W3 (12, frets Eyis(z) — 22
5( (;2 t+5) S/H bt (52) I ()
:/||ﬁtll2dut+0(1) as Fyyy5(x) — x = 60,(x) + 0(0)

and since W3 (juz, fie+5)/0> o |/1|(t)?, we obtain the upper bound.
—

(ii) Let (v;) satisfying (CE) and |lv¢||r2(p,) < |il(t) for all ¢ ((vs) is a minimizer. Since g : wy
lve + wt||2LQ(M) is minimized at 0 over the convex set {w; | div(uw;) = 0} and g is strictly
convex, we get the uniqueness. We now show that gradient fields, i.e. vector fields of the form
ve = Yy, satisfying (CE) are optimal.

e intuitions:
(a) We have that

&s/fm = OE[f(Xy)] = E(Vf(Xy), vi(Xe))] = /(Vf, ve) dpug,

hence if vy = vY + vtVL, then it will be better to only keep the component v\, the
projection of v; on {Vf, f € ... }. But this set is not convex and all so this is not rigorous

at all.
(b) In the previous proof, we lost information by taking a random flow map. If we take
—pgys—id . .
the optimal T),,_,,,,; we get v, = lims_,g %, and T}, ., s is the gradient of a

convex function by Brenier’s theorem.
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e actual proof: Let’s take v; = V. On one hand,
d — d
A= L MH% S dp = /%@Mt +0(1)

= */1/% div(p: Viby) 4 o(1)

- / IVl dpte + 01)

= [IV9e[|7 2.,y + 0(1)
and on the other hand
S o Ty s dpe — [ e dp
B 0

Ty sprss —id
e LRy

A

T —id
< Il P 20

. Vel L2 o | (1),
which means that ||V ||z2(,,) < |f[(t), hence the optimality. O

So far, we proved that optimal vector fields are unique and satisfy ||V)¢|[z2(,,) = |2|(t) (magnitude).
Now, we will see the vector fields v; as a velocity in the tangent space of Pa o (R?): this is Otto calculus.

3.3.3. The Wasserstein space as a Riemannian manifold: Otto Calculus. Background on Riemannian
geometry. For reference on Riemannian geometry, see [Pet06; Do 92; Sch16].

Definition 3.14. A manifold M of dimension d is a space which is locally homeomorphic to R?. At
each point p € M is a tangent space T, M = {velocity of curves through p}. This whole structure (the
tangent bundle) has to be smooth. A Riemannian metric is a smoothly varying choice p — (-, -)p, an
inner product on T,M. Then, for any curve vy, we have ||"y(t)||i(t) = (3(t), ¥(t))4(t)- The distance
function is defined as

d(p, g) = nf{ / @12 dt | 7(0) = (1) = g).

If the infimum is achieved by a v*, then v* is called a geodesic between p and q. Geodesics can be
reparametrized to have constant speed ||5(t)|| = ¢ for all t € [0,1]. In this case, we get d(y(s),y(t)) =
|s — t]d(~(0),v(1)) for all 0 < s <t < 1. In the following sections, all geodesics considered will be
chosen of constant speed.

We denote by P = Pa a.(R?).

Proposition 3.15. For all i € P, the tangent space of the Wasserstein space at p is
L?(n)

TP = Vo0 eCr®)) " = (T =) [X>0.T is an OT map}" ",
and the inner product on T,/P is (Vy, V'), = [(V, V') dp.
Recall that every v, € 7,P satisfying (CE) is optimal.
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Theorem 3.16. Let o, 1 € P. Then

1
Wa(po, j11) = inf{/ e L2y At | (CE) hozds},
0

the Benamou-Brenier formula. Moreover, the infimum is attained (there exists geodesics) as follows:
let ¥ be an optimal coupling and (Xo, X1) ~7. Then uy is the unique constant speed geodesic between
po and pq, where Xy = (1 — )Xo +tX1 ~ pe. We can also say that

pe = [(1 =) id +t T 0y Jppo = [ +8(Tpug -y — id)]pt0.
Proof. e equality: Let’s take a partition 0 =ty < t; < --- <t = 1.

k
\W 1—15 Mg . . .
Wa (o, p1) < Z ;(liitllu)(tz —ti—1) (triangle inequality)
i=l "
—al(ti-1)

= / il (t)

< inf {/ |lve]] At | (CE) holds} by integrating (3.1).

To show the reverse inequality, we take X; = Xo + t(X; — Xo), for which X; = X; — Xy. Since
X = v(Xy), E[| X¢]|? = ||vt\|%2(m). But we also have

Xl = BxllXo — il = [ llzo — 1] d¥(an, 1) = Wi(ra, ),

which means we have equality for this choice of (v;).
e uniqueness: Let X; = ¥;(X;) s.t. E||X;|* = cst, Xo ~ po, X1 ~ p1. Then

1 2
/ X, dt
0

1
< / E[X.|? dt by Jensen’s inequality
0

1
:/O 15022, dt.

We now have two bound gaps that can be tightened by:
(1) choosing the optimal coupling;
(2) applying Jensen over a constant integrand. O

Wa (o, 1) < EJ|Xo — Xu* = E‘

Definition 3.17 (Wasserstein geodesic). Let pg, 1 € P, Xo ~ po, X1 ~ p1 optimally coupled, and
Xi=(1—-t)Xo+tX1. Then Law(X; = 1) <= ¢ = [{d+t(T)g—py —id)] s p0, and the curve t — py
is called Wasserstein geodesic between pg and py, a.k.a. the displacement/McCann interpolation.
Remark 3.18. This induces a new geometry which is not the one induced by L?: if g and p; have
densities py and p1, that we define the mixture p; = (1—¢)po+tp1, then d(uo, 1) (f llpo — pa | )1/2
Wa(po, p1)-
Remark 3.19. Can we find geometries that share the same geodesics? Yes: recall that
Wileo) = _inf /le “ylldyiz,g) = sup /fd )
\Vfl\oo<1

Wi has the same geodesics as L2, but it is not a flat space. Indeed,

Wi(ps, pe) = sup /fd(us — ) =(t—s) sup /fd(uo —pa) = (t = )W (po, p1).

IV £l <1 IV flloe <1

Geometry is carried by the distances, not by the geodesics.
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4. WASSERSTEIN GRADIENT FLOWS

©Q We show that the Langevin diffusion can be interpreted as Wasserstein flow of the KL divergence
using Otto calculus. We show that Log-Sobolev inequality corresponds to a PL condition in this
geometry and we recover exponential convergence of the KL. We also use this new framework to show
that such inequalities hold whenever the potential is strongly convex, which, in turn, implies strong
convexity of the KL in this geometry.
The goal: Interpret the Langevin diffusion dX; = —VV(X;)dt + v2dB; as a Wasserstein gradient
flow of KL(- || 7), with m oc e=V, i.e. find p; such that

Oppi + div(py - =Vw KL(pe || 7)) = 0.

4.1. Wasserstein gradient. We would like to generalize the notion of gradient in a manifold. The
form Vf(z) = (0y, f(2),...,0, f(x)) doesn’t seem to be the right thing to generalize.
e in the Euclidean space:

flp+tv) — f(p)

t t—0

(Vf(p), v),

but we have to consider V f(p) as an element of the dual of R?, and v as an element of the tangent
space at p € R,
e in a Riemannian manifold: replacing p + tv by v(t), the Riemannian gradient is defined by:

(% 5

t 10 <va(p)7 U>I7'

See [Bou22] for more information.
e in the Wasserstein space: for F : P — R a functional on the Wasserstein space, the Wasserstein
gradient is defined by:

Flus) = F()

t t—0

(VwF (), V),

and since Vw F(u) belongs to 7, P, it will be the (standard) gradient of some function :

Definition 4.1 (First variation). Let F : P — R be a functional. The first variation of F, denoted
O0F, is defined by

Eli_If(l) .7:(N+€>;) — F(u) _ /5]'—(ﬂ) “x  forall y s.t. /X —0.
Now,
i D F) 1
t—0 t _
~ [o7 )
—— [ 67 div(u v,

— [ V8 (), V) s
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Hence the Wasserstein gradient is V3F(u), and it is unique. This also shows that the Wasserstein
gradient Vw.F(p) is a vector field of R? such that for all vector field v,

FUI + t0) ) = F() + HTwF(1),0) 120 + olh)-

Definition 4.2 (Wasserstein gradient). Let F : P — R be a functional. The Wasserstein gradient of
F at pis ViwF (u) = VOF ().

Definition 4.3 (Wasserstein gradient flow). The (negative) Wasserstein gradient flow of F is a curve
of measures t — pg s.t. its tangent vector at time t is v; = —VwF(ut), or equivalently s.t. Oypy =
div(—pe VwF (1)) = div(=pe VOF ().

Example 4.4 (First variations and Wasserstein GF of important functionals).

(1) The potential energy E(u) = [V du: since w = [V dy, one has that 6&(u) =V, and
therefore that Viw&(u) = VV (+);

(2) The entropy H(p) = [ plog p: similarly, VwH (1) = V log p;

(3) The interaction potential W(p) = 5 [ W (z —y) du(z) du(y): one has that VwW(u) = [ VW (- —
y) dp(y)-

4.2. Langevin diffusion as a Wasserstein gradient flow. Let’s compute the Wasserstein gradient
of F:=KL(- | 7), with 7 oc e~V

F(p) = KL(u || m)

Z/ulogﬁ

™
:/,ulogu—/,ulogﬂ'
—~—

=H(p) + &)
Therefore, VwF(p) = Vlog u+ VV =V (log £), and the Wasserstein gradient flow reads

Xy = —VwF(u)(X:) = —Viog “L(X,) = —Vlog y (X;) + VV(X,).

™

The gradient flow expression for 9, then becomes
atut = le(ﬂt(v IOg He — VV(Xt))) = le(V/Lt) - le(,U/tVV(Xt)) = A,U/t - le(/J,tVV(Xt>),

and we recover the Fokker—Planck equation for Langevin (2.1).
Q This is the result of [JKO98] — except they didn’t need a notion of gradient to obtain this.

4.3. Rates of convergence. We already know that if the Hessian of a function f is greater than o/,
we can obtain a rate of convergence of e=2%! for f. In our case, what is the Hessian of KL(- || 7)?
For a function f: R? — R, one has

Opf (1) = (V f(x1), 1)
OF fzy) = (V2 flae)dy, o) + (V f(zr), E¢),

where the second term is equal to zero since we only examine constant speed geodesics. In the
Wasserstein space, a geodesic is given by p; = [id +¢ (T —id)]4uo. By analogy, we therefore say that
——

ETuP
the Wasserstein Hessian V%V satisfies

OFF () = (Vi F () - (T —id), T —id),,,.
Let us compute this using the fact that F = € + H:
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e for the potential &:
WE(pe) = (Vw&(ue), T — id>L2(M) =(VV, T — id>L2(Ht)

- E(pe) = E[(VV(Xo), T'(Xo) — Xo)]

8§‘t:0 E(u) = E[(V?V(Xo) - (T(Xo) — Xo), T(Xo) — Xo)]

hence V3,E(o) = V2V and if V is a-strongly convex, then
;

E(u) 2 aB|IT(Xo) - Xol|* = a W3(u | 7).

t=
e for the entropy H: Denoting T; the OT map from ug to us, we have for any function h

[ o = B
— BT (X))

= / h(T; () (y) dy

_ / h(@)ps o Ty(x) det(VT(x)) da (y = Ti(2))

hence po(x) = pr o Ti(x) det(VTi(z)). Therefore

Hpe) :/,Ut log 4
= E[log u: o T:(Xo)]
= Ellog(det(VT;(Xo0)) ™" 110(Xo))]
= H(po) — Elog det(VIi(Xo)).
Moreover, VT; = (1 — ¢)id +¢tVT, which is the linear combination of the identity and the Hessian
of a convex function, hence VT;(Xy) is a positive semi-definite matrix. The logdet being concave
over the space of PSD matrices [BBV04], we get that ¢ — H(u:) is convex.
Hence
0 KL(pe [|m) = OFE () + 07 H(e) = o W (pu| ) +0,
where we used the convexity of H. In fact, we have 87|,—o H(u¢) = [ |VT —id ||% duo > 0. See [Gigl2]

for more information. We have proved the following theorem:

Theorem 4.5. If T o< e~V where V is a-strongly conver, then KL(- || ) is a-strongly convex along
Wasserstein geodesics.

Let us now study the rate of convergence.

F(pe) = KL(pe [| )

O F (e) = (VwF () —VwF (1)) 12 () (just the gradient flow)
= —IVwF (i)l 72,
< —2aF (ur) by (PL).

Then by Gronwall’s lemma F(u;) < F(ug)e 2. In order to show that the KL satisfies the (PL)
inequality, we first use a Taylor approximation of the KL between pg and p:

t —_
1) = 1)+ 470)+ [ 519
KL | 7) > KL | 7) + (Vo KL (oo | 7), 10T~ 1)) 2y + 912 |7 —id [y (A1)

—_—
W2 (posp1)
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By taking t = 1, jio := p and py = argmin , F(u) = 7, this inequality becomes

. « .
Fl) £ ~(Tw KL 7, T = i)pago = § [ 17~ id [P d

IN

) 1 . o . , . .
§HVW KL(p || 7T)||2L2(H) + %HT —id H%Q(M) - §||T —id ||%2(M) (Young’s inequality)

1 2 . 1
17 KL ) 220 seting 5 — 1,

hence (PL). @ Now, what can be said about the convergence of W3y, 7)?
0 W3 (e, ) = 4[| Ty — id || 72,0,y
= OE||X; — Xoo|? with Xoo ~ 7, (X¢, Xoo) optimally coupled
= 2B(X; — Xoo, X)
= —2B(X; — Xoo, VwF (1) (Xe)) s
< —2<KL(ut | ) +2 / 1Ty, —n —id || dut> where we used (4.1) but between u; and 7
—_—— 2 )

>0

:W%(Mtﬂ")
< _awg(uh ﬂ-)a
and by Grénwall’s lemma, we get that W3 (i, 7) < W3 (o, 7)e ™.

Remark 4.6 (Functional inequalities). Strong convexity (SC) implies quadratic growth (QG):

Fp) > %Wg(uﬂr) for all 1. (QG)

For Langevin, this becomes Talagrand’s inequality
KL(n[| ) = 5 W3(u,m) for all p. (T2)
We saw earlier (2.2) that

X2 (p || w) > KL(p || ) 5
we also have Pinsker’s inequality:
KL( || 7) = 2l — 72 - (Pinsker)

One also has:

(SC) = (LSI) =% (1) and (SC) = (PL) =% (QQ)

=—> (Poincaré)
where (%) are equivalences if 7 is log-concave (see [KNS16] for details), and
(LSI) <= (PL) in the Wasserstein space.

Summary.

(1) KL(-||7) is a-strongly convex along Wasserstein geodesics if V' is a-strongly convex, and this
implies W3 (11, 1) < Wi (o, vo)e 2t (generalization of what we shown with 2 Langevin processes,
can be done as an exercise)

(2) 7 satisfies (LSI) with constant 2 <= KL(m; || 7) < KL(m || 7)e~2*

(3)  satisfies (Poincaré) with constant 1 = x2(m, || m) < x?(mo || w)e 2
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5. APPLICATIONS

Q This new perspective on sampling opens the possibility of algorithms that consist in deterministi-
cally implementing the Wasserstein gradient flow. We review two of them: Stein Variational Gradient
Descent (SVGD) and Variational Inference (VI).

Recall that our goal is still to be able to compute any [ ¢ d, with the posterior m o e~ V. Let’s say that

we dispose of a discrete measure approximating 7, for instance 7 & 3 w;d,,; then f pdr = > wip(x;).

In order to trace a curve t — pu, that will asymptotically be close to m, we have 3 possibilities:

(1) Solve the Fokker—Planck equation Oy = div(pu;VV') + Ap, by finite elements methods (deter-
ministic): this is implementable via discretization of R? but not scalable as exponential in the
dimension d;

(2) Run the Langevin diffusion dX; = —VV(X;) + v/2dB; (random): this is implementable, and
actually better than Fokker—Planck since parametrizable;

(3) Perform a Wasserstein gradient flow of KL(-||7) using X; = —Vw KL(u || 7) = —VV(X,) —
V log 111 (X+) (deterministic): this is not readily implementable since we need p; from X;. The idea
is then to project Vw KL(u¢ || 7)(-) onto “tractable” vector fields.

5.1. Stein Variational gradient descent (SVGD). © Introduced in [LW16], doesn’t really work
or scale but people like it since it is an alternative to MCMC.
Background on kernels and RKHS.

Definition 5.1 (p.s.d. kernel). We say that k : R? x R? — R is a positive semi-definite (p.s.d.) kernel
if for all z1,...,2, € R, (k(z;,2;))1<i j<n 5 a p.s.d. matriz. This creates a Hilbert space H called
Reproducing Kernel Hilbert Space (RKHS) of functions from RY to R

n
H= Zozjk;(mj,-) |n>1,a; €Rz; RS,
j=1

equipped with an inner product (-, -)3y and an associated norm || - ||3.

Example 5.2 (Kernels).

e Gaussian kernel k(z,y) = e~ zle=vl’

e Laplace kernel k(z,y) = e~ =¥l

e Linear kernel k(x,y) = (z, y) that allows us to fall back on what we know.

The idea is then to look for argmin ey KL((I + £g)4pt || 7). The projection map we are going to
use is K, 1 v(-) = [ K(-,y)v(y)du(y), where K has vectorial values but where we assume K (z,y) =
k(z,y)Iq. If k(z,y) = 6g—y, then K, v = v. This is interesting for us since we can compute

K Tw KL (| %) = [ Kz.)¥log £ (0) du(y)
= /k(ﬂmy)%(y) du(y) +//€(w,y)VV(y) du(y)

= —/Vyk(x,y) dup(y) + /k‘(x, y)VV(y)du(y).  (integration by parts)
The new dynamics are:
Xy = =K, Vw KL (e || 7)(X,)
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- / (X0 9)VV (y) due(y) + / Y, k(X0 y) diae(y),

which is now linear in p;!
Remark 5.3 (Discrete case). If we initialize at pg = 1 Z;;l §_(, a mixture of n masses, we will end
0

up at time ¢ with a mixture of n masses pu; = % ) ?:1 d_u) and the particles are going to evolve in a
t
coupled way:

) :_/k<:c§“,y)VV( (o) + [ FykGal? ) )

ka (=", 29wV (2V) /v k(z”, 2y,

Hence particles that are close from each other in the sense of k£ will interact.

Remark 5.4. If k(z,y) = k(z — y),

/V/H:ydu /ka— ) duly) = VwW (),

where W(p) = [ k(z — () dp(y): the second term of the dynamics is an interaction potential.

Remark 5.5. # does not contain L2. How is it that it works then? We modded out some directions,
how could we have p; — w7 Actually, is kind of a miracle. We would like to have

Vo, [ k)Vios L) duty) =0 — =

integrating this equality gives

p p
Sulullm) = [ [ blav) (Viog 2 @), Viog £ @) duta) duty) =0,
where Sy, is the kernelized Stein discrepancy. It is actually a kernelized version of the Fisher Information
(FT). Can we then obtain Vlog £ = 07
Definition 5.6 (ISPD kernel). A kernel k is called integrally strictly positive definite (ISPD) if

Vg#0¢eL? // (x,y)g9(x)g(y) dedy > 0.
Remark 5.7. The Gaussian and Laplace kernels are ISPD.
Lemma 5.8. Let k be ISPD. Then Si(u||w) > 0 with equality if and only if u = .

We now have that K, Vw KL(¢||7) =0 = 7= p ae..
But what is the rate of convergence? This is still very unclear, and there are lots of open questions.
We will need something that looks like a (PL) inequality:

Definition 5.9 (Stein log-Sobolev inequality). The KL is said to satisfy the Stein log-Sobolev in-
equality if

20 KL | 7) < [ 16, Tw KL | 7).
Q This can be compared with the (PL) over the new space.

[DNS19] defines the Stein geometry:
1
d(po, p1) = inf/ [lve]] dpas s.t. (CE) holds (before)
0

1
d(po, p1) = inf/ 1ICpu, v || dpee s.t. (CE) holds (now)
0

They also claim that the Stein LSI does not hold; but can we find simple families of y and 7 such that
it does not hold?
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Remark 5.10. Some open questions, some of them being studied by A. Korba, A. Salim [Kor+20]:
e n — oo (number of particles): how close are the discrete and true trajectories? — propagation of

chaos, the distance between the two is exponential in the time T’

e for finite n, what is lim;_, o iz = %Z?:l xii)? It does have some optimal quantization properties,

like following a honeycomb pattern. Can we find bounds on the quantity

%Zw(r(“) - /wdu

i=1

?

\7

e Our problem in this course was that we didn’t know how to compute Vlogu; = ™

; one could

build a kernel density estimator with ajgl) . ,xgn):

n (@)

N 1 ry —x
Mt(m):nhd2k<h >,

then compute V}{}H which works well if [i; is smooth. The dynamics we get is

n 20 g
Zj:l VEk | =
n g\’
hd ik =

i) = -VV(a}") -

which is a competitor for SVGD.

5.2. Variational Inference (VI). © We sketch here the idea of [Lam+22]. The goal: study problems
of the form
argmin KL(p || ),
peEP
where P is a parametric class, hopefully convenient to compute things like E,[X] and Cov,(X). Usually,
this mainly consists in heuristics, you throw a gradient descent at it and sometimes it works.

Example 5.11 (Some parametric classes P).

o Mean-field VI: P C {product distributions}, i.e. we do not care about correlation (Figure 6). It is
sometimes sufficient!

e Gaussian VI: P C {N(m,X) | & € % m € R4}, where S? is the set of spd matrices;

e [Lam+22]: P C {mixtures of Gaussians}.

FIGURE 6. Approximating correlated random variables by a product distribution p €
P (mean-field VI).

In the case where 7 is a Gaussian distribution (of mean 0 and covariance matrix I):

KL (m, 5) | N (0, 1)) = %[TrE — d+ [ m]?  log det 3.
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This is convex in (m,X)! Now, for a generic 7 oc e~V
7%(w7m)—r2_1(x7m)

(2m)ddet )1/

& potential energy of N (m,X)

KL\ (m, %) || 7) = f;%@m +/e V(z)do + cst,

= entropy of N'(m,X)
which is not convex anymore... but the potential energy reads
EvIN(mM, X)) =Exnms) [V(X)] = Ezno,nVI(im+ x27)).
Hence
KL(N (m,3) || ) = —logdet 5% + Bz oy (o, [V (m + £1/?Z)],

and if V is convex, then (m, X'/?) s KL(N(m,X) || 7) is convex. We could then perform a stochastic
GD [ARCI16].

©Q What we explore here: does Wasserstein geometry helps (too)?

5.2.1. Bures-Wasserstein. The Bures-Wasserstein distance is an extension of the Bures distance be-
tween SPD matrices. We denote BW(R?) the set of d-dimensional spd matrices.

Q Insight: the Wasserstein geodesic between 2 Gaussians stays in the space of Gaussians. For gg ~

N(mg, %) and g1 ~ N (mq,¥1), a candidate for an affine transport map is z — 21/22(1)/2 (x—mg)+my.

It is the gradient of a function but not of a convex one since Ei/ 22(1)/ % is not psd... Actually:
Tgysgn (2) = mr + B /2 (5352515 %) /2552 (@ — my)

=S

has the right mean and covariance. It is the gradient of z — myz + 1|S¥/?(z — mp)||?, which is a

convex function since S is psd. We know the form of the Wasserstein geodesics; they will be of the
form g, = [(1—t)id +tTy,— g, ) 90- If Xo ~ go, then X; = (1—t)Xo+t(m1+S(Xo—mg)) ~ N (my, Xy).
The geodesics stay in BW(R?): we say that BW(R?) is a geodesically convex subset of Py ac(R?). Just
rephrasing what we shown above, we know that KL(- || 7) is a-strongly convex along BW geodesics
<= V is a-strongly convex.

The tangent vectors to a geodesic are given by

Ty BWRY) = {2+ a+ S(z —my) | a € R?, S symmetric},
and we can therefore identify T, GW(R?) to {(a,S) | a € R%, S symmetric}. Our metric on 7, BW(R?)
is then
((a,S), (d',5"))y = /(a + Sz —my), d + 5" (x —my))dg
= {a, a') + Eg[Tx(SS"(z — my)(z —mg) )]
= (a, ') + Tr(S5'%,)
= <a'v CL/> + <Sv ZQS/>'

A geodesic with velocity (a, S) is g+ = [id +t(a+S(-—mo))] g0, the law of X; = Xo+t(a+5(Xo—m0)),
hence g¢ ~ N (mg + ta, (I +tS)Xo(I +tS)). This is fully parametric, and we can precisely tell how m,
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and 3; are moving:

’an =a
Yo = SZo + ZoS.
Now, what is the BW gradient? Considering g; ~ N(my, %) of velocity (a, S) at 0, we are looking for
(@,S) = Vewf(mo, Xo) € Ty BW(R?), and we know that

at’t—o f(mt7 Et) = <VBW,]C(TTLQ, ZO)’ (a, S)>907

so we are looking for (@, S) such that

(@, a) + (S, oS) = (Vi f(mo, Lo), o) + (Vs f(mo, o), Lo)
= (Vi f(mo, X0), a) + (Vs f(mo, Xo), 5o + X0S5)
= (Vi f(mo, X0), a) +2(Vs f(mo, Xo), X0S)
Vi f(mo, Xo)

{ VEf(mO7EO)7

which means that Vew f(mg,20) = (Vi f(mo, X0),2Vs f(mo, Xo)) and this is also what we would
have got using Alquier’s geometry [ARCI16].

BW gradient as a projection of W gradient.

and we identify:

Ul =

We consider a curve in BW with tangent vectors v; € T, BW(R?). By definition,

OnF(g1) = (VewF(9t), vt)g,,
but we also have

T (gt) = (VwF(gr), vt)g,,
hence Vew F(g:) = projr. pwre) VwF(g¢), and that is convenient:

Vw KL(p || 7) = Vg &
vBVV KL(H’ || ’/T) = (ﬁ, g)a

so we have

@ a) + (3, £S) = / (Viog X (@), Sz —m) dg()

= </v1og %(x) dg(z), a) + /<zsv log %(z), Sz —m)) dg(z) .

()

Since g o e_%(””_m)Tzfl(””_m% we have that ¥~(z —m) = —Vlogg = —%, hence

() = _/<zsv log%, Vg)da
- / div (mv log Q) dg
™

= (28, / V2 log % dg).

We therefore found that

(divergence theorem)

(@, a) + (S, ©9) = </V10g%(x) dg(x), a) + (£, /V2 log%dg>,
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and by identification:

a= /Vg + [VVdg =E,[VV(X)]

—
=V [g=0

S =E,[V*V(X)] -1
BW gradient flow. The dynamics are:
my = —Eg, [VV(Xy)]
Y = =Ky, [V2V(X)]Zt + Ly — 5B, [V2V(X4)] + 14
=214 — (E,, [V2V(X1)]Z + SiE,, [V2V(Xy))).
Let’s work a bit on V2V (X,):

/VQV dg; = — /(VV, %> dg: (divergence theorem)
t
— [ vV ologgda

= /VV@ (7 —my))dgy

(/VQVdgt) pM :/VV®(~ —my) dg,
)N </V2Vdgt> = /(- —my¢) @ VV dg:.

iy = —Eq, [VV(Xy)]

Et = 2Id — ]Egt [VV(Xt) ® (Xt — mt) + (Xt — mt) ® VV(Xt)]
This is Sarkkéa’s heuristic [Sar07]. This is what happens when you constraint the Wasserstein gradient
flow to stay in the space of Gaussians.
Rates of convergence. The PL inequality that we had before assumed that the minimum of the KL was
0, which is not the cas anymore here (since we are on the Gaussians only). For V' a-strongly convex,
we would like to have something like

KL(g¢||7) — min KL(g| 7)< Ce 2,

g Gaussian

Hence:

(Sérkka)

in order to have that for g* = argming q,yssian KL(9 || 7),
W3(96,9%) < €72 W3(g0, 97)-
In order to obtain this, we can for instance integrated the coupled ODE (Sarkkd) using Runge-Kutta.

Remark 5.12. For mixtures of Gaussians, we can equip the space of measures with a measure pu €
Pa.ac(BW(RY))

pu(x) = / du(0)pe(z), where § = (m,X),

and everything works (with a different form of divergence), except that we do not have any convergence
guarantee.

Remark 5.13. The fact that we stay with the same number of points is annoying. Wasserstein-
Fisher-Rao gradient flow allows to play with the weights:

=2 w80 g0
i=1

See [Lam+22, Section H] for more information.
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